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Abstract 
Force, vibration and deformation models are more and more used to improve accuracy in machining operations. This 
improvement is more remarkable, the higher the scale on which the machine work, due to the tolerances and decrease of 
stiffness of this type of machines. But to feed these models is necessary to characterize the stiffness of the machine. To perform 
theoretically this characterization using finite elements is in general very difficult and sometimes impossible because the user 
often does not know the structural characteristics of the machine. 
Commonly, the experimental method is imposed as the best approach. This paper presents a methodology to determine the 
lowest number of degrees of freedom and stiffness for each and validates the proposed methodology on a real case in a vertical 
lathe in a boring operation. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of Universidad de Zaragoza, Dpto Ing Diseño y Fabricacion. 
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1. Introduction 
In emerging sectors like windmill industry, in which this work has focused, on the production of large 
components, high value and short or medium series, performing quality control at the end of the process, with 
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current methodologies such as Six Sigma or Statistical Process Control, is unsatisfactory due to the economic 
impact of producing a defective part. 
Currently, in the absence of other quality control procedure, inspections are inserted between the different stages 
of production, increasing the cost and time due to the movement of parts between machining and measuring 
machines. Among the various reasons why errors occur during the machining, mechanical deformation caused by 
cutting forces is one of the main. This difference in the path between theoretical and the real material removing 
one, will always be in greater or lesser degree, but could be predictable if the forces acting on the tool tip and the 
rigidities of the different machine elements are known. To limit this error, the easiest option regardless of the forces 
and rigidities, is to work with low cutting forces relating to the process. This produces a considerable increase in 
process time and cost, reducing the productivity. This paper describes an experimental basis method for the 
identification and characterization of machine rigidities. The application of this method requires shortly down time 
of the production and no variation in the working configuration. 
 
Nomenclature 
K       overall stiffness  
        deformation of the mechanical elements 
K’MT       modeled machine stiffness (Nm2  
K’’RAM           modeled ram stiffness (Nm3  
K’ PART/FIXT      modeled part+fixturing stiffness (Nm2 ) 
 
One way of posing the problem could be modeling the machine using finite elements method. But to do this, it 
would be necessary to know the constructive parameters, plans and materials for all major machine elements. 
Although the structural definition of a solid using finite elements method is not very complex and accurate results 
could be obtained, a large machine with multiple elements and configurations becomes a difficult challenge if 
reliable results are desired. First, the study of the varied number of positions of the machine requires a great 
modeling and computational effort. And on the other hand, the theoretical characterization of the joining elements 
such as spindles, bearings, guides, etc and flexibility that all of them incorporate into the assembly is difficult to 
determine precisely. In this final issue, the deterioration and wear of the different elements, and substitutions and 
changes made through time further complicate the theoretical study. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Working principle of CNC vertical lathe. 
Another alternative to the theoretical solution proposed in the previous paragraph, is the experimental 
characterization, achieving higher accuracy, reliability and lower. The methodology proposed in this paper will 
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serve to specify the minimum number of degrees of freedom to be considered according to the machine architecture
to obtain a complete map of rigidities for different axes on the working area in a specific part.
2. Static stiffness characterization of machine tool – part assembly. Testing procedure
For the determination of the stiffness of the assembly a series of experiments are performed. Stiffness is
determined as the ratio between the force applied in any point of the structure and the deformation resulting in the
mechanical system. The applied forces have been measured using a dynamometer and deformation by displacement 
in the machine axis.
Although the machine being studied is a lathe and in this type of machine, the key axis from the machining
accuracy viewpoint is the radial or x axis, analogously also the vertical or Z axis and the tangential rigidities have
been studied. To operate the dynamometer in any of three directions, on CAPTO connection, couplings have been
welded in the three directions and in both ways as shown in Figure 2 (right).
Fig. 2. Contact test performing in a vertical lathe. Dynamometer mounted in a three direction CAPTO connection: radial stiffness.
To simulate the working conditions in the most reliable way and as the part to be machined will be involved in
the in the system of components of the operation studied with their respective stiffness, the contact is made
between one face of the dynamometer touching a point of the part and the other mounted on the spindle. Together 
with the rigidities of the remaining elements as a result the combined stiffness of the part and fixture will be
obtained and depending on its value, it will be taken into account or will be neglected in the deformations model.
To better study the effect of the machined part on the system, the tests are carried out for two part/fixture different
configurations: A and B.
After setting the working configuration, tests have been conducted as follows:
Select an axis to be studied. For instance the stiffness in the radial direction or axis X.
Select an area in the part in which the value of the axis to be studied remains approximately constant. To
ensure that the sampling is representative along the dimensions of the machine, the higher sampling length
is the better the results will be. In this work and due to the morphology of the part, it has been studied about
50% of the length to be machined.
Cleaning the working area: remove rust and chips.
Divide the sampling length in contact points. The higher the number of points is more accurately and longer
will be the tests.
Place the free face of the dynamometer using the control of the machine in contact with the part performing
the lower contact force possible.
Write down the values of the X, Z and rotation angle of the worktable. Also note the reading of the 
dynamometer. Bring the dynamometer to the part, keeping the Z axis and worktable angle constant, with
steps of 0,03-0,05mm approximately. In each step, wait for the stabilization of the dynamometer and record 
X coordinate and dynamometer values.
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 Increase the contact force step by step up to consider a representative value. As an example, in this work the 
upper reference value has been 3000N. 
 Repeat this procedure in different contact points along the sampling length. 
3. Experimental results processing 
In the first stage of processing rigidities map for different axes of motion is desired. For this purpose, each 
contact point should be summarized in an overall stiffness value, without distinguishing the source of each strain. 
On a graph the different "axis motion/dynamometer force” steps are plotted so as to obtain the slope in N/ m units. 
The value of the slope is the overall stiffness of the system at that point of contact. Figure 3 shows the calculation 
of the stiffness in a contact point and a curve along the whole sampling length. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. (a) stiffness determination in a point, K=8,87N/ m. (b) Different overall stiffness in the radial sampling length. 
3.1. Hardening effect 
In multi step test in each point, a slight increase in stiffness is appreciated with increasing the contact force. 
Although the best choice to represent the real phenomenon would be to use a quadratic function, increasing the 
accuracy of calculation does not justify the complexity of the nonlinear model. 
To limit the error produced by not considering the quadratic component of the approximation function, some 
criteria are proposed for determining the stiffness: contact test performed up to 2000 N, quadratic component less 
stiffness taken as the average of the stiffness values in each step for a 0-2000 N 
slot. 
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Fig. 4. Hardening effect criteria. 
Using these criteria the variability between points is reduced drastically and the error due to the hardening is 
limited to less than 5%. If any point does not meet this requirements should be removed and repeated the sampling. 
3.2. Dynamometer stiffness determination and correction 
The dynamometer used for the stiffness test has been selected because of its high accuracy. Such devices 
become very small deformations in forces and for common applications, these deformations are negligible 
compared with the measured forces. But for the purposes of this work, this assumption results in large errors in the 
measured rigidities.   
To determine the shortening of the dynamometer under compression and thereby to correct the stiffness, an 
extensometer is used in a compression test bench. The figure 5 shows the extensometer coupled to the 
dynamometer for testing and the shortening results. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Shortening test set-up and results. 
The test results show good linearity with an average stiffness 
a 5 KN full scale. Because the effect of the stiffness is applied in series, the Equation 1 is used to correct the 
experimental rigidities. 
MeasuredrDynamomete
MeasuredrDynamomete
Corrected KK
KK
K    (1) 
4. Three degrees of freedom model for radial stiffness 
Each machine morphology requires a specific deformation model. For this work, for a large vertical lathe, it is 
necessary to consider at least two degrees of freedom: upper and lower deformations The reason for differentiating 
between the two types of deformation is given by the direction in which they operate, which is of opposite sign. 
As lower deformation will consider the effect of the workpiece, fixture and worktable. For an specific assembly, 
as the union of three elements is rigid, the three factors will be modeled as a single element. The stiffness is 
modeled as a rotary spring with a turning radius, so that the forces will produce different moments and 
deformations depending on the Z coordinate. 
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In the case of the upper deformation, it is arranged in two different degrees of freedom. In the first, modeled as a 
rotary spring, all the elements of the machine except the ram (and lower deformation affected ones) are considered. 
As in the modeling of lower chain spring, the stiffness in this case will differ depending on the coordinate at which 
the forces are applied. On the other hand, considered as the most flexible joint, the ram is modeled independently, 
as a cantilever beam. Figure 6 shows the proposed model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Model deformations diagram. 
The mathematical development of the model is described in equations 2. The sum of the three deflections is the 
total deformation. 
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Deflections characterized as a rotary spring, depend on the distance squared (L and L’-A for the distance from 
the force application point to the embedment for the upper and lower spring respectively). In contrast, in a 
Cantilever beam, the deformations are proportional to the distance cubed. Using equation 3 the three different 
degrees of freedom are disengaged and determined the impact of each in total deformation. 
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Regarding rigidities, which are detailed in the formulation with the letter K, it is necessary to distinguish three 
different concepts. While the letter K describes the overall stiffness, previously defined as the ratio between the 
force applied in any point of the structure and the deformation resulting in the mechanical system, K 'and K'' are 
associated with the rotary and cantilever beam rigidities respectively. Unlike other, the first is not dependent on the 
force application position. 
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4.1. FEM model for part and fixture characterization 
The mechanical characterization of the rigidly attached solid elements (part, fixture and worktable) was 
performed using finite elements. Thus, it has been determined the best turning radius for the rotary spring model. 
This turning radius and the theoretical stiffness of the assembly were used to correlate the experimental results. 
Figure 7 shows the FEM deformed under radial forces of the two fixture configurations tested, together with the 
theoretical rigidities results. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. FEM model results for two fixture configurations. 
5. Experimental results 
5.1. Overall stiffness for the working range 
The experimental results for the overall radial rigidities are shown in Figure 8 after corrected with the 
dynamometer stiffness. In pink and black are the results for first and second fixture configuration respectively. It is 
remarkable the strong influence of the fixture in the assembly. In the same Figure also is shown the comparison 
between experimental results and model predictions (in red color) for each fixture configurations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 8. Experimental and model results comparison. 
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Regarding vertical stiffness, with a high value of 57 N/ m, this remains constant throughout the working area. 
 
5.2. Deformation model 
The experimental results have been used to correlate the model. Table 1 lists all the parameters. Note that the 
radii of rotation deduced experimentally are slightly lower than the geometric ones. Rotation radius independent 
rigidities (in Nm2/ m and Nm3/ m units) are high for the machine and ram. The fixture mounted on the lower 
deformations chain becomes determinant for the overall stiffness, as deduced by the FEM analysis. 
 
            Table 1. Experimental and model data results. 
Parameter Geometrical Experimental Deduced 
K’MT --- 200 Nm
2/ m 
K’’RAM --- 22 Nm
3/ m 
K’ PART/FIXT 1 --- 3.9 Nm
2/ m 
K’ PART/FIXT 2 --- 50 Nm
2/ m 
L (Fixt 1) 0.620 m 0.420 mm 
L’-A (Fixt 1) 1.320 m 1.100 mm 
L (Fixt 2) 1.035 m 0.890 mm 
L’-A (Fixt 2) 2.365 m 1.870 mm 
 
6. Dynamic stiffness 
Besides the static stiffness of the machine, the dynamic stiffness of the assembly has also been analyzed. Figure 
9 shows the frequency response at several points with the dominant peak near 80 Hz. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. Frequency response in XX and YY directions in the ram. 
Many impact tests have been conducted at different ram positions with the following conclusions: 
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 The dynamic stiffness of the ram is not significantly dependant on its vertical position 
 Good dynamic behaviour in the working range and similar in both radial directions 
 
7. Conclusions and future work 
The conclusions of the work are summarized in: 
 The stiffness of the machine is very high. The position of the beam almost doesn’t affect the machine 
stiffness. 
 The stiffness of the part and fixture in the second arrangement is high. In contrast, in the first arrangement, 
is the main reason for lack of global stiffness. There are no discernible differences in rigidities depending 
on the angle of rotation of the worktable. 
 The key factor in the assembly flexibility is the ram. The matching of experimental results with Cantilever 
beam model is good.  
 Apart from the effect of the tool, which does not depend on the machine, the stiffness in vertical direction 
(Z axis) is high and constant. 
 The proposed deformation model is able to predict correctly the rigidities in all the working range.  
As future work, a detailed study of the dynamic stiffness and its modeling is proposed. 
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